Power Law Corrections to BTZ Black Hole Entropy by Singh, Dharm Veer
ar
X
iv
:1
40
6.
38
09
v3
  [
he
p-
th]
  1
4 N
ov
 20
14
Power Law Corrections to BTZ Black Hole Entropy
Dharm Veer Singh∗
Department of Physics, Centre of Advanced Studies,
Banaras Hindu University, Varanasi - 221005, India
ABSTRACT
We study the quantum scalar field in the background of BTZ black hole and evaluate
the entanglement entropy of the non-vacuum states. The entropy is proportional to
the area of event horizon for the ground state, but the area law is violated in the
case of non-vacuum states (first excited state and mixed states) and the corrections
scale as power law.
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1I. INTRODUCTION
Black holes are singular solution of Einstein fields equation and are characterized by
three parameter mass, charge and angular momentum classically (No hair theorem). Black
holes possess the properties similar to a thermodynamic system and they can be assigned
entropy and temperature. The black hole entropy also known as Bekenstein Hawking entropy
behaves like the thermodynamic entropy and is proportional to area of event horizon of the
black hole [1? –4]. Hawking showed that the black hole emit radiation like a black body
at finite temperature (Hawking radiation) and fixed the proportionality constant [5]. The
temperature of the black hole is identified with the surface gravity of the horizon.
The origin of black hole entropy has remained mysterious for a long time. There are
various approaches to understand the black hole entropy. In the simplest approach, one
considers the quantum fields in the black hole spacetime and compute the black hole entropy
by using entanglement entropy approach [6, 7]. The earliest attempt to understand the area
law in terms of microscopic degrees of freedom refers to holographic principle by t’Hooft
and Susskind [8–10]. The direct counting of black hole microstates for BTZ black hole
by Strominger and Vafa established the area law of black hole thermodynamics [11]. The
AdS/CFT has provided further insights into the black hole entropy [12–15].
In order to understand the statistical origin of black hole entropy in term of state count-
ing, one has to understand the microscopic degrees of freedom of the black hole and the
logarithmic of the number gives the Bekenstein Hawking entropy formula [16, 17]. In ad-
dition to this there are quantum corrections to black hole entropy known as logarithmic
corrections and they arise due to the quantum fluctuations of the fields near the black hole
horizon. An alternative way to understand the black hole entropy is provided by entangle-
ment entropy of quantum fields in black hole spacetime. Bombelli et al and Srednicki have
showed that this entropy arises due to the vacuum fluctuations entangled on the boundary
surface and obtained by the averaging the quantum state of the complete system over the
states of the fields located outside the boundary.
The entanglement entropy appears to have different origin from the statistical entropy, but
the apparent contradictions is resolved in semiclassical limit and the entanglement entropy
shows agreement with Bekenstein-Hawking entropy (thermodynamics entropy). Thus, both
the statistical entropy and entanglement entropy have thermodynamic limit, but this limit
2is achieved in a different manner in both cases [18, 19]. The ensemble average provides
the necessary limit for the statistical entropy, but the entanglement entropy is obtained by
averaging over the quantum correlations in the semiclassical limit.
Here, we are interested in the first principle approach to BTZ black hole entropy in terms
of entanglement of quantum fields in black hole spacetime [20–22]. The entanglement entropy
provides the necessary information about the system inside and outside of the horizon and
established a correlation between them. The behavior of quantum fields in background of
the black hole (gravitational system) is not universal, but all of them show that the entropy
obeys the area law for the ground state [23, 24].
The entanglement entropy measures the correlation between two subsystems, depending
upon the geometry of the surface. The entanglement entropy calculation was first done by
Bombelli et al [6] and Srednicki [7], applied to a sphere. The leading term of entropy is
(R
a
)2, where “a” is the lattice spacing and “R” is the radius of the sphere. The coefficient of
proportionality was calculated by these authors and it is not universal. Using this formalism
Das et al [25–29] calculated the entropy of scalar field in the background of Schwarzschild
black hole for the first excited state and mixed state. We consider the density matrix and
calculate the entropy of the scalar field propagating in BTZ black hole spacetime by taking
a partition close to horizon as measured by an observer at a proper distance of the order of
cut off length. The boundary surface can be treated as the horizon of the black hole when
scalar fields falls into the black hole horizon.
In this paper, we study the corrections to the area law of the scalar fields in the background
of BTZ black hole for first excited state and mixed states (superposition of ground state and
first excited state). In ground state the entropy follows area law [30, 31], but for excited
state the area-entropy relation is given by S = a1(
r+
a
)µ [26], where r+ is the horizon radius.
The value of exponent is less than unity (µ < 1) in the case of excited state. This suggests
that excited state violates the area law. In the mixed state, the wave function is linear
superposition of ground state and excited state (Ψ = a3Ψ0 + a4Ψ1). The entropy of mixed
state is given by the relation SMS = b3A
(
1 + b4
Aλ
)
), where b3 , b4 and λ are constants. In
the large horizon limit, the correction term fall rapidly and we recover the area law.
The paper is organized as follows. The formalism of quantum scalar fields in BTZ space-
time and the entanglement entropy of the system in ground state, first excited state and
mixed state are reviewed briefly in section (II). The quantum scalar field in the background
3of BTZ black hole is studied in section (III). The numerical computation of entanglement
entropy of first excited state and mixed state is done in section (IV). Finally, we discuss the
results and its implications for black hole entropy in the section (V).
II. A MODEL ENTANGLEMENT ENTROPY OF SCALAR FIELD
In this section, we have discussed the formalism of entanglement entropy of scalar field
in BTZ background for ground state, first excited state and the mixed state,
A. Ground State
Let us consider a system of coupled harmonic oscillators qA (A = 1, ......., N) to study
the entanglement entropy of the system, the Hamiltonian of the system is written as,
H =
1
2a
δABpApB +
1
2
VABq
AqB, (1)
where canonical momentum corresponding to the qA is pA = aδAB q˙
B, δAB is Kronecker
delta and VAB is real, symmetric, positive definite matrix and “a” is fundamental length
characterizing the system.
The total Hamiltonian of the system is re-written as,
H =
1
2a
δAB(pA + iWACq
C)(pB − iWBDqD) + 1
2a
TrW (2)
where W is symmetric, positive definite matrix satisfying the condition VAB = WACW
C
B .
(pA + iWACq
C) and (pB − iWBDqD) are the creation and annihilation operators similar to
harmonic oscillator problem and they obey the commutation relation,
[aA, a
†
B] = 2WAB. (3)
If ψ0 is the ground state for the harmonic oscillator system, thus it follows the condition
(pA − iWACqC)|ψGS >= 0 and the solution is given by, [6]
ψGS({qC}) = < {qC}|ψGS >
=
[
det
W
π
]1/4
exp(−1
2
WAB q
A qB). (4)
4Here qA splits into two subsystems, {qa} (a = 1, 2, .......nB) and {qα} (α =
nB+1, nB+2, .......N). The matrix “W” naturally splits into four blocks as,
(W )AB =

 Aab Baβ
BTαb Dαβ

 .
The reduced density matrix of the subsystem “1” is obtained by tracing the degrees of
freedom of the subsystem “2”, and is given by;
ρred({qa}, {q′b}) =
∫
Π dqc〈{qa, qα}|ρ0|{q′b, qβ}
= (det
M
π
)1/2exp[−1
2
Mab(q
aqb + q′aq′b)][−1
4
(N)ab(q − q′)a(q − q′)b]
(5)
where,
Mab = (A− BD−1BT )ab
Nab = (B
TA−1B)ab. (6)
The reduced density matrix of the system “1” is obtained by tracing the degrees of freedom
of the system “2” and is same as above equation (5).
The system can be diagonalized by the unitary matrix U and the transformations qa →
q˜a = (UM1/2)abq
b. Thus the density matrix reduces to [6],
ρred({qa}, {qb}) = Πn
[
π−1/2 exp
(
− 1
2
(qnq
n + q′nq
′n − 1
4
λi(q − q′)n(q − q′)n)
)]
, (7)
where λi are the eigenvalues of the matrix Λ
a
b = (M
−1)acNcb.
The entropy Sent = −Tr(ρred ln ρred) of the system is given by,
S = −
∑
i
ln(
1
2
λ
1/2
i ) + (1 + λi)
1/2 ln[(1 + λ−1i + λ
−1/2
i ], (8)
The entanglement entropy of the system is given by the relation,
[1] The subsystem {qa} and subsystem {qα} regards as the inside and outside mode of the horizon.
[2] The subsystem “1” and subsystem “2” refers to the former subsystem “a” and later subsystem “α”.
5S =
N−nB∑
i=1
Si
where
Si = − µi
1− µi ln µi − ln (1− µi) (9)
where µi := λ
−1
i (
√
1 + λi − 1)2, 0 < µi < 1.
B. First Excited State
If ψGS is the ground state for the harmonic oscillator system, then the first excited state
ψES is calculated by the relation,
ψES({qC}) = γa†ψGS = γ(pA + iWACqC)
[
det
W
π
]1/4
exp(−1
2
WAB q
A qB)
=
√
2
(
γT W 1/2δABqB
) N∑
i=1
(
det
W
π
)1/4
exp
(
− 1
2
WAB q
AqB
)
,
=
√
2
(
γT W 1/2δABqB
)
ψGS({qC}). (10)
where γT = 1√
o
(0,0,. . . 0;1,1,. . . 1), where “o” is the number of excitations and non-zero
value of the row matrix, γT γ = 1. The corresponding density matrix (ρ = |ψ >< ψ|) is
given as,
ρES ({qA}, {q′B})) =
∫ N∏
i=1
dqc ψES(q
A, q′B)ψ⋆ES(q
A, q′B)
=
∫ N∏
i=1
dqc[qAW ′ABq
′B]ψGS(q
A, q′B)ψ⋆GS(q
A, q′B) (11)
here qA again splits into two subsystems, qa (a = 1, 2, .......nB) and q
α (α =
nB+1, nB+2, . . . N). It is given by the relation W
′ = UTW 1/2 γ γTW 1/2U . Then the W ′
decompose in the matrix form;
W ′AB =
1
2
yyT =

 Eab Faβ
F Tαb Hαβ

 ,
6where Eab =
1
2
yXy
T
X , Faβ =
1
2
yXy
T
Y , Hαβ =
1
2
yY y
T
Y , and “y” is N dimensional column
vector and is given by,
y =
√
2UTW 1/2γ =

 yA
yB

 .
The density matrix of the subsystem is “1” is obtained by tracing the degree of freedom
of the subsystem “2” (“1” and “2” refers to the subsystem “a” and “α” respectively) and is
given by,
ρES ({qa}, {q′b})) =
∫
Πdqc < {qa, qα}|ρGS|{q′b, qβ} >
= κ
[
ρGS ({qa}, {q′b}))
(
− 1
2
Gab(q
aqb + q′aq′β)
−1
4
Cab(q − q′)a(q − q′)b
)
ρGS ({qa}, {q′b})
]
(12)
where,
Cab =
1
κ
(
2E − FD−1BT −BD−1F T +BD−1HD−1BT
)
ab
,
Gab =
1
κ
(
2FD−1BT − BD−1HD−1BT
)
ab
.
This is density matrix of excited state and it is not similar to the ground state density
matrix. So this matrix cannot be factorized into harmonic oscillator density matrix because
the excited state density matrix does not contain exponential terms. It cannot be written as
a product of harmonic oscillator systems. To compare this density matrix of excited state
(12) with the ground state (16), we take the limit [27],
ǫ1 = q
T
max C qmax ≪ 1,
ǫ2 = q
T
maxGqmax ≪ 1. (13)
where
qTmax =
3(N − n)
2Tr(Mab −Nab) (1, 1, . . .). (14)
7In this limit, the density matrix can be written as,
1−
(1
2
Gab(q
αqb + q′aq′b) + Cab(q − q′)a(q − q′)b
)
= exp
(
− 1
2
Gab(q
aqb + q′aq′b)− 1
4
Cab(q − q′)a(q − q′)b
)
.
(15)
Finally the reduced density matrix for the excited state is written as [27],
ρES ({qa}, {q′b})) = κ exp
(
− 1
2
G′ab(q
aqb + q′aq′b)− 1
4
C ′ab(q − q′)a(q − q′)b
)
(16)
where
(G′ab =Mab +Gab),
(C ′ab = Nab + Cab). (17)
and Nab = (BD
−1BT )ab, Mab = (A− BD−1BT )ab, and κ = Tr(EA−1)ab.
Now, this density matrix (16) is similar to the ground state density matrix (5). This can
be factorized into the harmonic oscillator density matrix. The entropy of the excited state
is computed using the procedure discussed in subsection (IIA).
C. Mixed State
The mixed state is the linear superposition of ground state and first excited state, the
wave function of the mixed state is given as,
ψMS({qA}) = c0 ψGS({qA}) + c1ψES({qA})
=
[
c0 + c1
√
2γTW
1/2
AB q
AqB
]
ψGS({qA})
(18)
where c0 and c1 are the real constants with c
2
o+c
2
1 = 1.where (c0 = 1, c1 = 0) for ground state,
(c0 = 0, c1 = 1) for excited state, (c0 = c1 =
1√
2
) for equal mixing and (c0 =
1
2
, c1 =
√
3
2
) for
high mixing .
8The density matrix of the mixed state is written as,
ρMS({qA}, {q′B}) =
∫ N∏
i=1
dqc ψMS(q
A, q′B)ψ⋆MS(q
A, q′B)
= c20 ρGS({qA}, {q′B}) + c21 ρES({qA}, {q′B}) + c0c1 ρX({qA}, {q′B}).
(19)
where ρX is the interaction term and it is written as,
ρX({qA}, {q′B}) =
∫ n∏
i=1
dqc
[
f(qA, qB) + f(q′A, q′B)
]
ρGS({qA}, {q′B}) ρ⋆GS({qA}, {q′B}),
=
(
yY − BD−1yX
)
(q + q′)AρGS({qA}, {q′B}). (20)
Now again qA splits into two subsystems, qa (a = 1, 2, .......nB) and q
α (α =
nB+1, nB+2, .......N). We can write the reduced density matrix of the system“1” obtained by
tracing the degree of freedom of the system “2”,
ρMS ({qa}, {q′b})) =
∫
Πdqc < {qa, qα}|(c0ρGS + c1ρES)|{q′b, qβ} >
= c20 +
[
c21κ1 + u(q
a, q′b) + c0c1v(q
a, q′b)
]
ρGS({qa}, {q′b}),
(21)
where u(qa, q′b) =
(
− 1
2
Gab(q
aqb + q′aq′b)− 1
4
Cab(q − q′a)(q − q′b)
)
,
and v(qa, q′b) = (yY − p)T (q + q′)a.
Now, we define the
F (qa, q′b) =
[
1 + κ1w(q
a, q′b) + κ2v(q
a, q′b) +
κ22
2
v2(qa, q′b)
]
, (22)
where k1 =
c21
c2
0
+c2
1
k
and k2 =
c0c1
c2
0
+c2
1
k
.
The density matrix of mixed state is re-written as,
ρMS({qa}, {q′b}) = κ˜F (qa, q′b)ρGS({qa}, {q′b}). (23)
where
w(qa, q′b) =
(1
2
G′′ab(q
aqb + q′αq′b) + C ′′ab(q − q′a)(q − q′b)
)
(24)
9G′′ab =
[
G− 2κ0
(
G− H
κ
)]
ab
,
C ′′ab =
[
C + 2κ0
(
G− H
κ
)]
ab
. (25)
The value of k0 =
c20
c2
0
+c2
1
k
, and κ˜ = c20 + c
2
1k. We take the value of c0 = c1 =
√
1
2
for equal
mixing and c0 =
1
2
, c1 =
√
3
2
for high mixing.
This is the density matrix of mixed state and it is not similar to the ground state density
matrix. So this matrix cannot be factorized into harmonic oscillator density matrix, because
it does not contain the exponential terms. It can not be written as the product of harmonic
oscillator systems. The limit can be taken as [26],
ǫ1 = q
T
max C
′′ qmax ≪ 1,
ǫ2 = q
T
maxG
′′ qmax ≪ 1. (26)
Then F (qa, q′b) is re-defined as,
F (qa, q′b) = exp
(
κ˜1w(q
a, q′b) + κ˜2v(q
a, q′b)
)
(27)
Finally, the density matrix of the mixed is expressed in the form [26],
ρMS({qa}{q′b} = N exp
(
− 1
2
G′′′αβ(q
aqb + q′aqq
′b
)− 1
4
C ′′′ab(q − q′a)(q − q′b)
)
(28)
where
C ′′′ab =
[
N + κ1C
′′
]
ab
=
[
N + κ1C − 2κ0κ1
(
G− E
κ
)]
ab
,
G′′′ab =
[
M + κ1G
′′
]
ab
=
[
M + κ1G+ 2κ0κ1
(
G− E
κ
)]
ab
.
and N = −κ2
(
yY − BD−1yX
)
.
The form of this density matrix (28) is similar to the ground state density matrix (5) and
can be used to calculate the entropy of the mixed state. Therefore the entropy of the mixed
states can be calculated using the relation S = −Tr(ρ log ρ), by substituting the value of
density matrix from equation (28) and then computing the associated entropy of the mixed
states using the procedure as discussed in subsection (IIA).
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III. SCALAR FIELDS IN BTZ BLACK HOLE SPACETIME
The action of the (2+1) dimensional gravity with cosmological constant can be considered
as [32],
S =
1
2π
∫
d3x
√−g [R + 2Λ], (29)
where Λ = − 1
l2
is the cosmological constant. The BTZ black hole is solution of (2+1)
dimensional gravity with negative cosmological constant [32] and the metric is given by;
ds2 = −(−M + r
2
l2
)dt2 +
1
(−M + r2
l2
+ J
2
4r2
)
dr2 + r2dφ2 − Jdtdφ , (30)
where −∞ < t <∞ and 0 ≤ φ ≤ 2π.
The solution is parameterized by the massM and angular momentum J of the black hole
and they obey, M > 0 and |J | < Ml. The inner and outer horizon of the BTZ black hole
are located at,
r± = l
[M
2
(
1±
√
1− ( J
Ml
)2
)]1/2
. (31)
In the external case J =Ml, the inner and outer horizons coincide.
The proper length from the horizon is given by r2 = r2+ cosh
2 ρ+r2− sinh
2 ρ and the metric
of the black hole can be rewritten as;
ds2 = −u2dt2 + dρ2 + l2 (u2 +M)dφ2 − Jdt dφ, (32)
where, r2(ρ) = l2(u2 +M).
The action of massless scalar field in the background of BTZ black hole is written as,
S = −1
2
∫
dt
√−g (gµν(∂µΦ∂νΦ)). (33)
The conjugate momentum πm conjugate to Φm, is given by,
πm =
√
(M + u2)
(u2 + J
2
4(u2+M)
)
, Φ˙m +
iJm
2u
√
[(u2 +M) + J
2
4u2
]
Φm.
We define the new momentum to diagonalise the Hamiltonian is defined as,
11
π˜m = πm − iJm
u
√
[(u2 +M) + J
2
4u2
]
Φm. (34)
The canonical variable (φm, π˜m) satisfy the following relation,
{φm(ρ), π˜m(ρ)} = iJm
u
√
[(u2 +M) + J
2
4u2
]
δm,m′δ(ρ− ρ′). (35)
Now, we define the variable ψ,
ψm(t, ρ) =
(u2 + J2
4(u2+M)
(M + u2)
)1/4
Φm(t, ρ), (36)
The Hamiltonian of the scalar field in the BTZ background spacetime is [30],
H =
1
2
∫
dρ π˜2m(ρ) +
1
2
∫
dρ dρ′ u
√
[(u2 +M) +
J2
4u2
]
(
∂ρ(
√√√√
√
[u2 + J
2
4(u2+M)
]√
(u2 +M)
)ψm
)2
+m2
u2 + J
2
4(u2+M)
(M + u2)
ψ2m, (37)
The system can be discretized as,
ρ→ (A− 1/2)a,
δ(ρ− ρ′)→ δAB
a
. (38)
where A,B = 1, 2 . . .N and “a” is UV cut-off length. The continuum limit is regained by
taking the a → 0 and N → ∞ while the size of the system remains fixed. The cut-off
parameter, “a” is defined as a lattice spacing becomes the cut-off at Planck length in the
quantum gravity.
The Hamiltonian of the system can be discretized using the replacements,
ψm(ρ)→ qA,
π˜m(ρ)→ pA/a,
V (ρ, ρ′)→ VAB/a2. (39)
12
and the corresponding discretized Hamiltonian of the scalar field in the BTZ black hole is
identical to the the set of N coupled harmonic oscillators. it is given as,
H =
N∑
A,B=1
[ 1
2a
δABpA pB +
1
2
VAB q
A
m q
B
m
]
(40)
where pA = aδAB q˙
B is the canonical momentum conjugate to qA.
We discretized the Hamiltonian using the middle point prescription and replace the terms
using the identity f(ρ)∂ρg(ρ) =
1
a
fA+1/2(gA+1 − gA),
V mABq
A
mq
B
m = a
N∑
A=1
[
uA+ 1
2
√
(u2
A+ 1
2
+M) +
J2
4u2
A+ 1
2
(√√√√√
√
u2A+1 +
J2
4(u2
A+1
+M)√
u2A+1 +M
ψA+1m
−
√√√√
√
u2A +
J2
4(u2
A
+M)√
u2A +m
ψAm
)2
+
m2
r+
u2A +
J2
4(u2
A
+M)
u2A +M
ψA
2
m
]
. (41)
here
uA =
u(ρ = (A− 1/2)a)
r+
,
uA+1/2 =
u(ρ = Aa)
r+
,
ψAm = ψm(ρ = (A− 1/2)a). (42)
The (N ×N) matrix representation of the V mAB is given by,
(
V
(m)
AB
)
=


Σ
(m)
1 ∆1
∆1 Σ
(m)
2 ∆2
. . .
. . .
. . .
∆A−1 Σ
(m)
A ∆A
. . .
. . .
. . .


,
The matrix elements are,
13
Σ
(m)
A =
√
[u2A +
J2
4(u2
A
+M)
]√
(u2A +M)
(
uA+1/2
√
[(u2A+1/2 +M) +
J2
4u2A+1/2
+ uA−1/2
√
[(u2A−1/2 +M) +
J2
4u2A−1/2
)2
+m2
u2A +
J2
4(u2
A
+M)
(M + u2A)
,
(43)
∆A = −uA+1/2
√
[(u2A+1/2 +M) +
J2
4u2A+1/2√√√√√
√
[u2A+1 +
J2
4(u2
A+1
+M)
]√
(u2A+1 +M)
√√√√
√
[u2A +
J2
4(u2
A
+M)
]√
(u2A +M)
.
(44)
where ∆A is a off diagonal term representing the interactions. This is compared with the
corresponding Hamiltonian in the section (II) and evaluates the entanglement entropy of
the first excited state and mixed state is evaluated.
The total entropy of the system is given as the sum of all modes “m” (azimuthal angular
momentum) [33],
S = lim
N→∞
S(nB, N) = S0 + 2
∞∑
m=1
Sment. (45)
Where S(nB, N) is the entanglement entropy of the total system N with partition size nB.
The S0 is the entropy of the system at (m = 0), and S
m
ent is the entropy of the subsystem
for given value azimuthal quantum number “m”. The equation (45) is infinite series, and it
converges at large value of “m”. We truncate the series depending on the accuracy, which
we required.
IV. NUMERICAL COMPUTATION OF ENTANGLEMENT ENTROPY
In this section, we have computed the entropy of first excited state and mixed state
using the procedure outlined in section (II). We plots the graph of entropy as a function of
R = nB a, where nB is the size of partition. The entropy varies linearly as a function of (
R
a
)
14
in ground state entropy. In first excited state it is not a linear function of (R
a
). The same
result is obtained for the mixed states at small horizon radius, but for the large horizon
radius, it approaches to ground state .
A. First Excited State
In figure (I), the entropy SEH as a function of (
r+
a
) is plotted, where r+ horizon radius
of the BTZ black hole and “a” is identified as fundamental scale of the system and can
be taken as Planck length in the fundamental theory of gravity. From these plots it can
interpreted that the entropy for excited state does not follow the area law and the relation
gives the entropy of excited state is given by the relation,
S = a1(
r+
a
)µ, (46)
where (µ < 1) ) the entropy does not follow the area law (S = A/4). The a1 and µ are the
fitting parameter, which are calculated numerically. The numerical value of these parameter
are tabulated in table (I),
Parameters o = 10 o = 30 o = 50
a1 0.42 0.55 0.75
µ 0.93 0.88 0.81
TABLE I: For the fixed value of N = 200, we calculate the entropy of the first excited state for
the number of excitation o = 10, 30, 50.
From above table the value of µ is always less then unity and the exponent µ decreases with
excitation number “o” and the slope “a1” increases with the excitation number “o”. It is
impossible to recover the area law for excited state with increasing the excitation number
“o”. So we can interpret this as the slope of fitting lines are increasing with the number of
excitations and decreasing the value of exponent tabulated in the table (I).
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FIG. 1: Entanglement entropy for excited state SES is shown as a functions of r+/a for N = 200
with excitation o = 10 (black), o = 30 (blue) and o = 50 (red).
B. Mixed States
The entropy of the mixed state is plotted in the figure (2). This figure shows that the
entropy of mixed state approach to the ground state entropy at large horizon radius. The
relative entropy of the ground state vs. mixed state (for equal and high mixing) are shown
in figure (2) and the form of mixed state is writen as,
SMS
SGS
= b1 + b2
(r+
a
)−ν
. (47)
Here, b1, b2 and ν are the fitting parameters. The value of parameters for equal and high
mixing are tabulated in table (II),
Equal Mixing High Mixng
Parameter o=10 o=30 o=50 o= 10 o= 30 o=50
b1 0.999 1.001 0.991 0.996 1.002 0.999
b2 2.78 5.78 10.72 4.37 10.23 15.75
ν 1.28 1.31 1.37 1.24 1.31 1.33
TABLE II: For the fixed value of N = 200, we calculate the entropy of mixed state for both equal
and high Mixing with number of excitation o=10,30 and 50.
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FIG. 2: Ratio of Entanglement entropy of mixed state for equal (high) mixing is shown as a
functions of r+/a for N = 200 with excitation o=10, 30 and 50.
The parameter b1 is approximately unity for the ratio of mixed state with ground state.
From the numerical results we can interpret that the parameter b2 increases with o (fixed
c1) and decrease with c1 (fixed o) while the parameter ν decrease with o (fixed c1) and
increase with c1 (fixed o), where c1 is the relative weight of the mixing of excited state and
mixed state. The correction term in equation (47) is regarded as a power law term. The
behaviour of this term vanishes rapidly for large radial distances (large horizon area) and
becomes significant at small radial distances (small horizon area) as shown in figure (2).
In order to study the behaviour of entropy of the small and large horizon limit (2), we
substitutes the value of ground state entropy (S = 0.294 ( r+
a
)) in the equation (47). The
expression of entropy becomes,
SMS = b3A
(
1 +
b4
Aλ
)
. (48)
where A is the area of the horizon A = 2π r+, b3 = 0.294 b1, 0.294b2 = b4 and λ = (ν−1).
The second term in the expression (48) is a correction to the area law resulting from the
entanglement. The correction term vanishes at the large horizon limit (due to the negative
exponent of A) and the area-law is recovered.
We compare the ground state, first excited state and mixed states and plot entropy in
figure (3) with the different value of o = 10 and o = 50. In this graph, for the mixed state
(equal and high mixing) and excited state, the fitting is nearly linear for the different values
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of excitation numbers o = 10 and o = 50. The entropy of excited and mixed state, coincide
with the ground state entropy in the large horizon limit.
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FIG. 3: The Entanglement entropy of ground state, excited state and mixed state (Equal and
high mixing) are shown as a functions of r+/a for N = 200 with excitation number o=10 (fig:1)
and o = 50 (fig:2).
V. RESULTS AND CONCLUSIONS
In this paper, we have obtained the power law correction to entanglement entropy for
both excited state and the mixed state for the scalar field in BTZ black hole spacetime.
The ground state follows the Bekenstein-Hawking area law, while the excited state entropy
turned out as power of area and the power of area is less then unity. The numerical results
show that the area law is violated for the excited state and the power of area deceases
with the large area radius as well as excitation numbers. The entropy of mixed states is a
linear combination of ground state entropy and the entropy of excited states. The area law
is violated not only for the excited state, but also for the superposition of the ground and
excited states. For the small horizon area the exponent of area law decreases with increasing
the excitation parameters. Thus, the area law exhibits dependence upon the choice of states.
Here we have investigated the power law corrections using entanglement entropy ap-
proach. These corrections to area law have their origin in excited degrees of freedom near
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the horizon and are significant only for small black hole. In the large horizon limit, the
entanglement entropy behaves like thermodynamic entropy and the leading area term de-
scribe the situation in which thermal fluctuations are averaged out. However, these thermal
fluctuations are important in case of small black holes and the excited states also contribute
to entropy in the form of power law corrections. Also, there are subleading logarithmic cor-
rections to entropy which arise due to the high-energy (short distance) quantum fluctuations
of the fields near the horizon. However, these quantum corrections are small for macroscopic
black holes and leading area term describes the thermodynamic entropy of system.
It would be interesting to investigate the corrections to the black hole entropy with higher
curvature terms and higher excited states. We can also extend our results for the fermion
fields in the BTZ black hole background [34].
Acknowledgements
I would like to thank Dr. Sanjay Siwach for useful discussion. This work is supported by
the Rajiv Gandhi National Fellowship Scheme of University Grant Commission (Under the
fellowship award no. F.14-2(SC)/2008 (SA-III)), Government of India.
REFRENCE
[1] J.D. Bekenstein “ Black Hole and Entropy” Phy. Rev. D 7, 2333 (1973).
[2] J.D. Bekenstein, “ Black Hole and the Second Law,” Lett. al Nuovo Ciemnto 4 (1972) 15.
[3] J.D. Bekenstein“Generalized Second Law of thermodynamics in black hole Physics,” Phy. Rev.
D 9, 3292 (1974).
[4] J.D. Bekenstein“Statistical black hole thermodynamics,” Phy. Rev. D 12, 3077 (1975).
[5] S.W. Hawking“ Black Hole and Thermodynamics” Phy. Rev. D 13, 191 (1976).
[6] Luca Bombelli, Rabinder K. Koul, Joohan Lee and Rafael D. Sorkin,“Quantum Source of
entropy for Black Hole” Phy. Rev. D 34, 373 (1986).
[7] Mark Srednicki,“Entropy and Area” Phy. Rev. Lett. 71 666 (1993) arXiv: 9303048 [hep-th].
[8] G. ’t Hooft,“Dimensional reduction in quantum gravity,” arXiv:9310026 [gr-qc].
19
[9] L. Susskind,“The World as a hologram,” J. Math. Phys. 36 (1995) 6377 arXiv: 9409089
[hep-th].
[10] J. M. Maldacena,“The Large N limit of superconformal field theories and supergravity,” Adv.
Theor. Math. Phys. 2 (1998) 231 arXiv:9711200 [hep-th].
[11] A. Strominger and C. Vafa,“Microscopic origin of the Bekenstein-Hawking entropy,” Phys.
Lett. B 379 (1996) 99, arXiv:9601029 [hep-th].
[12] S. Carlip,“The (2+1)-Dimensional Black Hole” Classical and Quantum Gravity 12(1995) 2853-
2880 arXiv:9506079 [gr-qc].
[13] Shinsei Ryu and Tadashi Takayanagi “Holographic Derivation of Entanglement Entropy from
AdS/CFT” Phy. Rev. Lett. 96 181602 (2006) arXiv: 0603001 [hep-th].
[14] S. N. Solodukhin,“Entanglement entropy of black holes,” Living Rev. Rel. 14 (2011) 8
arXiv:1104.3712 [hep-th].
[15] R. M. Wald,“The thermodynamics of black holes,”Living Rev. Rel. 4 (2001) 6 arXiv:9912119
[hep-th].
[16] M. Cadoni and M. Melis, “Holographic entanglement entropy of the BTZ black hole,” Found.
Phys. 40 (2010) 638 [arXiv:0907.1559 [hep-th].
[17] M. Cadoni, “Entanglement entropy of two-dimensional Anti-de Sitter black holes,” Phys. Lett.
B 653 (2007) 434 arXiv:0704.0140 [hep-th].
[18] R. B. Mann and S. N. Solodukhin, “Quantum scalar field on three-dimensional (BTZ) black
hole instanton: Heat kernel, effective action and thermodynamics,” Phys. Rev. D 55 (1997)
3622 arXiv: 9609085 [hep-th].
[19] M. Cadoni and M. Melis, “Entanglement Entropy of AdS Black Holes,” Entropy 2010, 12,
2244-2267.
[20] Sung-Won Kim,Won T. Kim, Young-Jai Park, and Hyeonjoon Shin,“Entropy of BTZ black
hole in (2+1) dimensions” Phys. Lett B 392, 311-318 (1997).
[21] V. Frolov, “Why the entropy of Black hoe is A/4” Phy. Rev. Lett. 74 3319 (1995) arXiv:
9406037 [gr-qc].
[22] S. Carlip “What we don’t know about BTZ black hole entropy” Class. Quantum Grav. 15
(1998) 3609 arXiv: 9806026 [hep-th].
[23] H.Casini and M.Huerta, “Entanglement Entropy in free quantum theory” J.Stat.Mech.
406:P06002(2004) arXiv: 09052562v3 [hep-th].
20
[24] Shinji Mukohyama, Masafumi Seriu and Hideo kodama,“Thermodynamics of entanglement in
Schwarzschild space time” Phy. Rev. D 58, 064001 (1998).
[25] S. Das, S. Shankaranarayanan and S. Sur,“Black hole entropy from entanglement: A Review,”
arXiv:0806.0402 [gr-qc].
[26] S. Das and S. Shankaranarayanan,“How robust is the entanglement entropy: Area relation?,”
Phys. Rev. D 73 (2006) 121701 arXiv: 0511066 [gr-qc].
[27] S. Das, S. Shankaranarayanan and S. Sur, “Power-law corrections to entanglement entropy of
black holes,” Phys. Rev. D 77 064013 arXiv:0705.2070 [gr-qc].
[28] S. Das, S. Shankaranarayanan and S. Sur, “Where are the degrees of freedom responsible for
black hole entropy?,” Can. J. Phys. 86 653-658 arXiv:0703.2098 [gr-qc].
[29] S. Das, S. Shankaranarayanan “Where are the black hole entropy degrees of freedom ? ,”
Class. Quant. Grav. 24 5299-5306, 2007arXiv: 0703082 [gr-qc].
[30] Dharm Veer Singh and Sanjay Siwach “Scalar Fields in BTZ Black Hole spacetime and En-
tanglement Entropy” Class. Quantum Grav. 30 235034 arXiv:1106.1005 [hep-th].
[31] Dharm Veer Singh and Sanjay Siwach “Thermodynamics of BTZ Black Hole and Entanglement
Entropy” Journal of Physics: Conf. Series 481 012014.
[32] Maximo Banados, Claudio Teitelboim and Jorge Zanelli,“The Black Hole in Three Dimen-
sional spacetime” Phy. Rev. Lett. 69 (1992) 1849-1851 arXiv: 9204099 [hep-th].
[33] Marina Huerta, “Numerical Determination of entanglement entropy for free fields in the cylin-
der ” Physics Letters B 710 (2012) 691-696 arXiv:1112.1277 [hep-th].
[34] Dharm Veer Singh and Sanjay Siwach “Fermion Fields in BTZ Black Hole spacetime and
Entanglement Entropy” arXiv:1406.3799 [hep-th].
